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1 Introduction

Psychological assessments, tests, and other survey instruments often take the form of discrete

responses to a series of separate, but related, items. An individual’s response to these items

can be aggregated into a score in various ways. It is common in many contexts for researchers

to use these scores as explanatory variables in statistical models (Neal and Johnson, 1996;

Lang and Manove, 2011; Donato et al., 2017). The justification is that these scores proxy for

an individual’s knowledge in a certain subject area, skill at a particular task, personality trait,

or other characteristic. Indeed, it is often the case that the assessment was developed with the

specific intent of measuring a particular skill or trait, as is the case with a standardized test.

In many cases, researchers conduct this type of analysis using a score calculated simply as

the number of items answered correctly or “positively” (Light, 2001; Bloom and Van Reenen,

2007; Cebi, 2007; Todd and Wolpin, 2007; Akresh et al., 2012; Sacerdote, 2012). This is

commonly known as the sum score. While there is an extensive literature on the accuracy of

various different types of scores, there has been far less attention given to the problems that

may arise when these scores are used as explanatory variables in place of a latent trait.

A score can often be viewed as an estimate constructed from a sample of size J , the number

of items on the assessment.1 If J is small there can be substantial discrepancy between the

score and the latent trait. When the score is used as an explanatory variable in a regression,

this discrepancy translates to measurement error bias in the coefficient estimates (Junker

et al., 2012; Lockwood and McCaffrey, 2014). When J is large, however, this discrepancy, and

hence the measurement error bias, may be very small. While this fact seems to be recognized

in the literature, it has not been studied formally.

In this paper I derive the limiting behavior of an ordinary least squares (OLS) estimator

where the sum score is one of multiple regressors as both the number of individuals, n, and the

number of items, J , go to infinity. A large J framework has been used to study the properties of

1As discussed further below, this is the perspective of modern test theory. This is not the right perspective
though if the J items measure knowledge of J separate facts. This is clearly the case, for example, when
test-takers are asked to name the capital city of each of the J = 50 U.S. states.
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test scores (Lord, 1980; Klauer, 1990; Sinharay, 2015). The large n, large J double asymptotic

framework has been used to study parametric item response theory (IRT) models (Haberman,

1977; Wright and Douglas, 1977) and nonparametric IRT models (Douglas, 1997; Williams,

2019a,b). A similar double asymptotic framework has been used to study panel data models

with individual effects (see, e.g., Hahn and Kuersteiner, 2002).

The theoretical results in this paper provide a formal justification for using sum scores as

explanatory variables in a regression. In addition, I show that if
√
n/J → γ > 0 then the

limiting normal distribution of the OLS estimator exhibits a bias, thus invalidating standard

inference, despite the consistency of the estimator. I also provide a nonparametric estimator

for the bias and provide conditions under which inference using the bias-corrected estimator

leads to valid inference. Importantly, I provide a Monte Carlo study that demonstrates how

both the naive estimator and the bias-corrected estimator perform as the number of items on

the assessment is varied.

Recently, other approaches have been proposed for addressing this problem. Junker et al.

(2012) and Schofield et al. (2014) suggest modelling the outcome variable and the response

to each individual item jointly and applying likelihood-based estimation methods. Lockwood

and McCaffrey (2014) discuss the use of parametric IRT scores in a regression, rather than

sum scores, and propose bias correction methods based on the parametric IRT model. These

methods all require specification of an item response model for the test or assessment. By

contrast, the present paper does not impose any such parametric restrictions on the model for

the test or assessment.

Section 2 discusses the relationship between this paper and other approaches in the litera-

ture in more detail. The theoretical results are presented and discussed in Section 3. A Monte

Carlo study is reported in Section 4 and an empirical illustration is provided in Section 5.
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2 Statistical framework

Consider the model

Yi = γ0 + γ′1Xi + r(θi) + vi, E(vi | Xi, θi) = 0 (2.1)

where Xi is a vector of K observed explanatory variables, θi is a latent individual characteris-

tic, r(·) is an unknown function, and vi is the unobserved error term. Let Mi = (Mi1, . . . ,MiJ)

denote individual i’s discrete response to each of J items and consider the following assump-

tions regarding the joint distribution of (Yi, X
′
i,M

′
i).

Assumption 2.1.

(i) Pr(Mi = m | Xi, θi) =
∏J

j=1 Pr(Mij = mj | Xi, θi),

(ii) E(Mij | Xi, θi) = E(Mij | θi) for each j, and

(iii) E(Yi |Mi, θi, Xi) = E(Yi | θi, Xi).

The first condition is a conditional independence condition, sometimes referred to as local

independence. Williams (2019b) demonstrates that this can be replaced by a type of weak

conditional dependence. See also Sijtsma and Junker (2006) for a discussion of weaker versions

of this assumption in the psychometric literature. However, some version of this condition is

required in order to properly view the sum score (or an IRT score) as an estimate of the latent

characteristic θi.

Condition (ii) requires the item responses to be conditionally mean independent of the

observed regressors as well. Condition (iii), which requires the outcome, Yi, to be conditionally

mean independent of the items, is a version of what is commonly referred to as non-differential

measurement error. This condition is violated if the outcome is directly affected by the

test score, which might be the case, for example, if the observed test score were used for

differentiated instruction or to determine acceptance into college.
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A parametric IRT model specifies a functional form for the item response curves Pr(Mij =

mj | Xi, θi) for each j. For binary items, a common model is the 3 parameter logistic (3PL),

Pr(Mij = 1 | Xi, θi) = γj +
1−γj

1+exp(−δj(θi−αj)) . Parametric IRT models are typically estimated

via maximum likelihood or other likelihood-based methods. The item parameters, αj, δj, and

γj, as well as the individual ability parameters, θi, are estimated. In large-scale education

surveys, reported test scores often take the form of estimates of θi from such a model. See,

for example, NCES (2009) and Ing et al. (2012). One common methodology in such studies

involves first estimating the item parameters using a marginal maximum likelihood method

with a discrete distribution for θi, and second estimating θi by separately maximizing the

likelihood of each individual i at the estimated item parameter values (Mislevy and Bock,

1990; Muraki and Bock, 1997).

Lockwood and McCaffrey (2014) consider estimation of models like that of equation (2.1)

under the restriction r(θi) = γ2θi. They assume access to IRT scores, θ̂i, and discuss ways to

address the measurement error in these scores. Given an estimate of V ar(θ̂i | θi) from the IRT

model, the regression can be corrected. They consider various ways to estimate V ar(θ̂i | θi)

and implement the correction. These methods are particularly attractive in cases where the

IRT scores and conditional standard errors of the measurement error (CSEMs) are provided

with the data in place of item-level responses, Mi.

Another approach suggested by Lockwood and McCaffrey (2014) is to fully specify the

distribution of Yi, θ̂i | Xi, which involves specifying that θ̂i | θi, Xi ∼ N(θi, CSEM(θi)
2),

where CSEM(θi)
2 is an estimate of V ar(θ̂i | θi), and also specification of a conditioning

model for the distribution of θi | Xi.
2 The model can then be estimated using maximum

likelihood, Bayesian methods, or other likelihood-based methods. When Mi is available, not

just θ̂i, likelihood-based methods can be applied to the likelihood for the joint distribution of

Yi,Mi | Xi (Junker et al., 2012; Schofield et al., 2014). This entails jointly estimating an IRT

model for Mi, the outcome equation, (2.1), and a conditioning model for the distribution of

θi | Xi.

2CSEM stands for conditional standard error of measurement.
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In some cases researchers do not have access to IRT scores and CSEMs, or the individual

items, but instead only have access to the sum scores, M̄iJ = J−1
∑J

j=1Mij.
3 Even when IRT

scores and CSEMs are provided, some researchers prefer to work with the raw sum scores

because they do not wish their analysis to be influenced by other researchers’ assumptions.

Whatever the reasons, in practice it is very common for researchers to estimate a regression

using the sum score instead of an IRT score. To address this situation, in this paper I analyze

the estimator that regresses Yi on Xi and M̄iJ .

To study the properties of the OLS estimator I use an asymptotic framework where n, J →

∞. Define πJ(θ) := E(M̄iJ | θi = θ). This is the average sum score across repeated sampling

among individuals with the same value of the latent trait. I show that the OLS estimator has

the same probability limit as the infeasible OLS estimator that replaces M̄iJ with πJ(θi). The

measurement error is asymptotically negligible. This is because limJ→∞ V ar(M̄iJ − πJ(θi)) =

0. This leaves two questions that must be answered before use of the naive estimator is

justified. First, how is this infeasible estimator related to the model of equation (2.1)? Second,

how large does J need to be in order for the measurement error to be negligible? In the

remainder of this section, I address the first question. In the following sections, I provide both

a theoretical and a numerical answer to the second question, and I propose a nonparametric

bias correction for cases where J is not large enough.

For any J , we can write

Yi = β0J + β′1JXi + β2JπJ(θi) + εiJ (2.2)

where E(XiεiJ) = 0 and E(πJ(θi)εiJ) = 0. This is the linear projection. The infeasible

OLS estimator is consistent for βJ = (β0J , β
′
1J , β2J)′ for fixed J . Furthermore, β0J + β′1JXi +

β2JπJ(θi) is the best approximation to the conditional expectation function E(Yi | Xi, θi) =

γ0 + γ′1Xi + r(θi) among functions that are linear in Xi, πJ(θi).
4

3I rescale the sum score by J−1 so that it is bounded as J →∞.
4Best in the sense that it minimizes the mean squared error. See, e.g., Angrist and Pischke (2009) for a

pedagogical treatment of this interpretation of a regression.
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Equation (2.2) can also be derived from equation (2.1) under a particular restriction. To

see this, first suppose the test is lengthened by adding parallel forms.5 This implies that

πJ(θ) = π(θ) for all J . Suppose, in addition that the function π(·) is a strictly monotonic

function so that it has an inverse, π−1(·), that is well-defined on the range of π. Finally, suppose

that r(π−1(y)) = a+by for some real numbers a and b. Then r(θ) = r(π−1(π(θ))) = a+bπ(θ).

Plugging this into equation (2.1) produces

Yi = γ0 + γ′1Xi + (a+ bπ(θi)) + vi (2.3)

= a+ γ0 + γ′1Xi + bπ(θi) + vi

Thus, under these additional assumptions, the infeasible regression of Yi on Xi and πJ(θ)

identifies the parameter γ1.

The assumption that r(π−1(y)) = a + by is a substantive restriction that implies that

the marginal effect of “ability” on the outcome, Y , is proportional to the marginal effect of

“ability” on the expected sum score. This is a testable restriction, not a normalization. Note,

however, that other solutions that assume that r(θi) = γ2θi are also making a substantive

restriction on the model, but a restriction that depends on the particular IRT model used.

Another solution would be to estimate the model of (2.1) semiparametrically, avoiding

any restrictions on the function r(·). Williams (2019a) proposes using the semiparametric

estimator of Robinson (1988), and derives its properties under the large n, large J framework.

This approach is appealing for samples where n and J are both very large, but the estimator

can exhibit substantial finite sample bias otherwise. In addition, results can be sensitive to

the choice of bandwidth parameters and kernel functions.

In the next section we derive properties of the naive OLS estimator under large n, large J

asymptotics. We show that if
√
n/J → γ > 0 then there is a bias that distorts the asymptotic

distribution and invalidates standard methods of inference. We then show that if the bias

5Formally, we could consider a small number, J0, of items. Then we increase the number of items by
duplicating these J0 items and take the limit along the subsequence where J/J0 is an integer. See Lord
(1980).
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can be estimated then this “fixes” the asymptotic distribution, and we provide one possible

nonparametric estimator for the bias.

3 Theoretical results and bias-corrected estimation

Let β̂OLSJ denote the OLS estimator obtained by regressing Yi on Xi and M̄iJ . That is,

β̂OLSJ :=

(
n∑
i=1

WiJW
′
iJ

)−1 n∑
i=1

WiJYi,

where WiJ = (1, X ′i, M̄iJ)′. Also, let β̃OLSJ denote the infeasible version of β̂OLSJ ,

β̃OLSJ :=

(
n∑
i=1

W ∗
iJW

∗′
iJ

)−1 n∑
i=1

W ∗
iJYi,

where W ∗
iJ = (1, X ′i, πJ(θi))

′. Note that equation (2.2) can also be written as Yi = W ∗′
iJβJ +

εiJ where βJ = (β0J , β
′
1J , β2J)′. Under sufficient regularity conditions plimn→∞β̃

OLS
J = βJ

for any J . This is a standard result. In this section, I show that under Assumption 2.1,

plimn,J→∞(β̂OLSJ − βJ) = 0 as well.

By definition of πJ , M̄iJ = πJ(θi) + ηiJ with E(ηiJ | θi) = 0. Thus, M̄iJ is a noisy

measure of πJ(θi) with mean zero, mean independent, measurement error ηiJ . Therefore,

WiJ = W ∗
iJ + eK+2ηiJ where eK+2 is the K + 2 length unit vector, (0, . . . , 0, 1)′.

Define uiJ = εiJ−(WiJ−W ∗
iJ)′βJ . Then Yi = W ∗′

iJβJ +εiJ = W ′
iJβJ +uiJ . The bias of β̂OLSJ

relative to βJ is due to the fact that E(WiJuiJ) is nonzero. Indeed, under Assumption 2.1

E(WiJuiJ) = E(WiJεiJ)− E(WiJηiJe
′
K+2βJ) (3.1)

= −E(η2
iJ)eK+2e

′
K+2βJ

The bias converges to 0 asymptotically because condition (i) of Assumption 2.1 implies that

E(η2
iJ) = 1

J2

∑J
j=1E ((Mij − E(Mij | θi))2) → 0 as J → ∞. However, because E(η2

iJ) =
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O(J−1), this bias distorts the asymptotic distribution if
√
n/J → γ > 0. The bias dominates

the variance asymptotically so standard inference is not valid.

The following theorem formalizes these results. Let ξiJ = WiJuiJ , QJ = E(WiJW
′
iJ), and

BJ = Q−1
J E(ξiJ). Lastly, define Q∗J = E(W ∗

iJW
∗′
iJ) and V ∗1J = E(W ∗

iJW
∗′
iJε

2
iJ). For a matrix

A, let λmin(A) denote the minimum eigenvalue of A and let ||A|| denote the operator norm

induced by the Euclidean norm.

Theorem 3.1. Suppose there exist positive scalars δ, λ1, λ2, D̄1, and D̄2 such that E(|Yi|2+δ) <

∞ and for all J , λmin(Q∗J) ≥ λ1, λmin(V ∗1J) ≥ λ2, E(||W ∗
iJW

∗′
iJ ||2+δ) ≤ D̄1, and E(||W ∗

iJYi||2+δ) ≤

D̄2. Further, suppose that Q̄ := limJ→∞Q
∗
J and V̄1 := limJ→∞ V

∗
1J exist and let V̄ :=

Q̄−1V̄1Q̄
−1. And suppose that {Yi, X ′i,Mi1, . . . ,MiJ , θi}ni=1 is an i.i.d. sample. Then, under

Assumption 2.1,

(a)
√
n(β̂OLSJ − βJ −BJ)→d N(0, V̄ ) as n, J →∞,

(b) if
√
n/J → 0 then

√
n(β̂OLSJ − βJ)→d N(0, V̄ ), and

(c) if
√
n/J → γ <∞ and B̄ := limJ→∞ JBJ exists then

√
n(β̂OLSJ − βJ)→d N(γB̄, V̄ ).

The proof is provided in the appendix.

3.1 Bias correction

There are two important implications of Theorem 3.1. The first is that the feasible OLS

estimator, β̂OLSJ , is asymptotically valid if
√
n/J → 0. Hence, this gives formal justification

for the use of β̂OLSJ in settings where J is large. The theorem also suggests, however, that the

asymptotic bias that is present when
√
n/J → γ > 0 can be eliminated if the bias term, BJ ,

can be estimated.

Let B̂J denote an estimator for BJ and define the bias-corrected OLS estimator, β̂bcJ =

β̂OLSJ − B̂J .
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Theorem 3.2. Under the conditions of Theorem 3.1, if either (i)
√
n/J → γ < ∞ and

J |B̂J − BJ | = op(1) or (ii)
√
n/J1+α → γ for some α > 0, 0 < γ < ∞, and J |B̂J − BJ | =

op(n
−δ) + op(J

−α) for some δ > 0 such that α/(1 + α) ≥ 2δ, then
√
n(β̂bcJ − βJ)→d N(0, V̄ ).

Thus, if
√
n/J → γ < ∞ then it is sufficient for JB̂J to be a consistent estimator for

JBJ as n, J → ∞. If J increases more slowly with n then the estimator for JBJ must

converge as a sufficiently fast rate. From equation (3.1), BJ = −V ar(ηiJ)Q−1
J eK+2e

′
K+2βJ .

Let ωj(θ) := V ar(Mij | θi = θ) and ω̄J := J−1
∑J

j=1E(ωj(θi)). Then V ar(ηiJ) = J−1ω̄J .

Typically, ω̄J cannot be estimated consistently for a fixed J , due to the incidental pa-

rameters problem (Neyman and Scott, 1948). This is why a large n, large J analysis is still

required for Theorem 3.2.

A natural estimator for BJ is then B̂J = −J−1 ˆ̄ωJQ̂
−1
J eK+2e

′
K+2β̂

OLS
J where ˆ̄ωJ and Q̂J are

consistent estimators for ω̄J and QJ . Then J |B̂J−BJ | = Op(n
−1/2)+Op(J

−1)+Op(| ˆ̄ωJ− ω̄J |).

Theorem 3.2 demonstrates that the more quickly J grows with n the less precise estimation

of ω̄J needs to be. For example, if
√
n/J → γ < ∞ then ˆ̄ωJ merely needs to be consistent.

On the other hand, if ω̄J can be estimated at the rate Op(n
−1/2) + Op(J

−1), then correct

asymptotic inference is possible under any asymptotic sequence where
√
n/J2−ε → γ <∞ for

some ε > 0. Generally, bias correction reduces the bias of β̂OLSJ from the order of 1/J to the

order of 1/J1+α, where α is determined by the convergence rate of ˆ̄ωJ .

3.2 An example of consistent estimation of ω̄J

Suppose that all J item responses are binary. Then ωj(θ) = pj(θ)(1 − pj(θ)) where pj(θ) =

Pr(Mij = 1 | θi = θ) is the item response function for item j. An estimator for ω̄J could be

constructed from parametric estimates of the individual item response functions. Consistency

of ˆ̄ωJ in this case would follow from well-known properties of the likelihood-based methods

used to estimate the item response functions.6 Indeed, this could even be done using an

6In a related context, Lockwood and McCaffrey (2014) argue that, because θ̂i, instead of θi, must be
plugged into the item response functions, estimation of ˆ̄ωJ can be difficult and they propose a few alternative
methods that are shown to work well in a Monte Carlo study.

9



auxiliary dataset (perhaps by the test-makers) provided that a random sample of individuals

from the same population is used.

I instead propose a nonparametric estimator for ω̄J for the case of binary item responses

based on kernel regression estimators of each item response function, pj. This estimator

will also require that θi is scalar and the item response functions are strictly increasing. The

kernel regression estimator for nonparametric IRT models has been studied by Douglas (1997),

among others. Consider the kernel regression estimator

p̂∗j,J(m) =

∑n
i=1Kh(M̄i,−j −m)Mij∑n
i=1Kh(M̄i,−j −m)

where M̄i,−j denotes the average item response excluding item j, Kh(u) := h−1K(u/h), K(·)

is a kernel function, and h is a bandwidth parameter. Let p̄J,−j(θ) denote the conditional

expectation function, E(M̄i,−j | θi = t). If the function p̄J,−j is one-to-one, it has an inverse,

which I denote p̄−1
J,−j. Following an argument similar to Douglas (1997), it can be shown that,

for each j, p̂∗j,J(m) is consistent for p∗j,J(m) := E(Mij | p̄J,−j(θi) = m) = pj(p̄
−1
J,−j(m)) as

n, J →∞.

Next, since M̄i,−j ≈ p̄J,−j(θi) for large J , it can also be shown that, under sufficient

regularity conditions, p∗j,J(M̄i,−j) ≈ pj(θi). For ω̂∗j,J(m) := p̂∗j,J(m)(1 − p̂∗j,J(m)) this implies

ω̂∗j,J(M̄i,−j) ≈ ωj(θi). So a consistent estimator of ω̄J can be attained as an average, over i

and j, of ω̂∗j,J(M̄i,−j).

As is common with semiparametric estimators based on a first stage kernel regression,

it will be necessary to trim the sample of observations where p̂∗j,J performs poorly. For this

purpose, for any 0 < δ < 1/2, define the interval M̂j,δ = [q̂δ(M̄i,−j), q̂1−δ(M̄i,−j)] where for

any 0 < τ < 1, q̂τ (M̄i,−j) denotes the τ th empirical quantile. In other words, M̂j,δ is an

interquantile range of M̄i,−j in the sample. The proposed estimator for ω̄J is
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ˆ̄ωJ = J−1n−1

n∑
i=1

J∑
j=1

ω̂∗j,J(M̄i,−j)1(M̄i,−j ∈Mj,δn). (3.2)

Let β̂bcJ = β̂OLSJ + J−1 ˆ̄ωJQ̂
−1
J eK+2e

′
K+2β̂

OLS
J where ˆ̄ωJ is defined in (3.2). I show in the supple-

mentary appendix that ˆ̄ω is consistent as n, J →∞ provided that J is proportional to nr for

some r > 0, and I prove the following theorem as a corollary.

Theorem 3.3. Under the conditions of Theorem 3.1 and Assumption A.2, stated in the

supplementary appendix, if
√
n/J → γ <∞ then

√
n(β̂bcJ − βJ)→d N(0, V̄ ).

4 Monte Carlo simulations

I have shown that the naive OLS estimator is consistent for βJ as n, J → ∞, though a

bias-corrected estimator, such as the one proposed in Section 3.2, converges more quickly. In

this section, I illustrate the practical relevance of these asymptotic results through a Monte

Carlo study. The performance of these two estimators is evaluated for several different data-

generating processes and different values of n and J . Their performance is also compared to

other possible estimators.

The models are simulated as follows. In each case, I first simulate Xi ∼ Bernoulli(1/2).

I then independently simulate ui from N(0, 1), θi from Fθi|Xi , and ξi1, . . . , ξiJ each from Fξ.

In model 1, Fθi|Xi(θ | X) = Φ(θ − ψX), and in model 2, Fθi|X=1 is a uniform distribution

between 1 and 3 and Fθi|X=0(θ) = Φ(θ). In both cases, Fξ(ξ) = exp(ξ)
1+exp(ξ)

. Then the Yi and Mi

are generated according to

Yi = β0 + β1Xi + r(θi) + ui

Mij = 1(αj(θi − βj) ≥ ξij), j = 1, . . . , J

11



where either r(θ) = θ (linear specification) or r(θ) = πJ(θ) (nonlinear specification).7 I take

8 item difficulty parameters, βj, equally spaced between −1 and 1, in randomized order, and

8 item discrimination parameters, αj, between 1 and 4. Each of the four models is then

simulated for J = 8, 16, and 32, adding items in parallel.

For each model, I compute six estimators from the simulated data and compare the bias,

standard deviation and mean-squared error. The first estimator is the infeasible OLS estimator

from a regression of Yi on Xi, θi, and a constant (infeasible). The second estimator is the

feasible OLS estimator from a regression of Yi on Xi, M̄i, and a constant (feasible, sum score).

The third estimator is the bias-corrected version of this feasible OLS estimator proposed in

Section 3.2 (bias corrected, sum score). The fourth estimator comes from jointly estimating

the model above assuming Y,Mi1, . . . ,MiJ are conditionally independent given Xi, θi, ui ∼

N(0, σ2
Y ), the items follow the 3PL model, and θi | Xi ∼ N(ψXi, 1), as proposed by Junker

et al. (2012) and Schofield et al. (2014) (MLE). I use a Gibbs sampler method to draw from

the posterior distribution, imposing noninformative priors, and take the posterior means as

estimates.8 For the fifth estimator I estimate the 3PL model alone, using the same MCMC

approach, and then regress Yi on Xi and θ̂i, where θ̂i is the posterior mean for θi from the

3PL model (feasible, IRT score). The sixth estimator uses the CSEM from the 3PL model to

adjust the fifth estimator for measurement error bias, as in Lockwood and McCaffrey (2014)

(bias corrected, sum score).

Results are reported in Table 1 for the nonlinear specification and Table 2 for the linear

specification. As expected, the infeasible estimator in the first column is biased under the

nonlinear specification, as is the likelihood estimator in the final column. Interestingly, in

model 2 the bias of the likelihood estimator is smaller. However, this is because the bias from

misspecification of the conditioning model for θ | X apparently cancels out some of the bias

due to misspecification of the outcome equation for Y . The bias-corrected sum score estimator

has lower bias and similar, if not better, MSE. The methods based on the IRT score perform

7In this model, πJ can be calculated as πJ(θ) = J−1
∑J
j=1 Fξ(αj(θ − βj)).

8I use the open-source software platform Stan, which is available at https://mc-stan.org/.
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poorly for two reasons – misspecification of the outcome model and the high variance of the

IRT score estimates noted by Lockwood and McCaffrey (2014). Lockwood and McCaffrey

(2014) propose additional bias-correction methods that perform better in their simulations.

However, these results suggest that the “plug-in” bias correction method performs much better

for the sum score.

# items Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
8 0.084 0.212 0.429 0.472 -0.508 0.582 0.045 0.248 -0.989 1.046 0.034 0.236
16 0.115 0.211 0.255 0.315 -0.289 0.372 0.007 0.210 -0.379 0.451 0.050 0.211
32 0.077 0.203 0.112 0.221 -0.164 0.271 -0.032 0.206 -0.182 0.283 0.038 0.204

8 0.244 0.314 0.601 0.635 -0.742 0.842 0.130 0.298 -1.442 1.540 0.040 0.288
16 0.295 0.347 0.390 0.433 -0.359 0.460 0.059 0.234 -0.480 0.570 0.090 0.249
32 0.259 0.329 0.207 0.305 -0.163 0.309 0.006 0.248 -0.186 0.323 0.090 0.250

Notes: This table reports results from a Monte Carlo study. The data was simulated 100 times according to the models specified 
in Section 4 with n=250 observations and J=8,16, or 32. For each of the six estimators the table reports the bias and the root 
mean squared error (RMSE) across the 100 simulations. 
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Table 1. Comparison of estimators, nonlinear specification

Infeasible
Feasible, sum 

score
Feasible, IRT 

score
Bias corrected, 

sum score
Bias corrected, 

IRT score
MLE

Table 2 reports the results for the linear specification. In this case the infeasible estimator

and the likelihood estimator (in model 2) exhibit very little bias because there is no misspec-

ification. In model 2, however, the likelihood estimator is biased because the conditioning

model for θ | X is misspecified. The sum score estimators are biased because πJ(θ) is not

linear. However, the bias is not large and these methods still outperform the methods that

use the IRT score.

# items Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
8 -0.032 0.190 0.375 0.417 -0.567 0.636 -0.010 0.220 -1.065 1.122 -0.025 0.225
16 -0.032 0.190 0.194 0.268 -0.356 0.421 -0.049 0.209 -0.446 0.503 -0.023 0.199
32 -0.032 0.190 0.078 0.203 -0.233 0.312 -0.061 0.206 -0.251 0.327 -0.029 0.196

8 -0.006 0.200 0.461 0.498 -0.906 0.986 -0.035 0.242 -1.634 1.717 -0.108 0.299
16 -0.006 0.200 0.217 0.295 -0.548 0.612 -0.128 0.268 -0.673 0.731 -0.089 0.247
32 -0.006 0.200 0.052 0.210 -0.350 0.418 -0.158 0.273 -0.374 0.439 -0.086 0.229

Notes: This table reports results from a Monte Carlo study. The data was simulated 100 times according to the models specified 
in Section 4 with n=250 observations and J=8,16, or 32. For each of the six estimators the table reports the bias and the root 
mean squared error (RMSE) across the 100 simulations. 
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Table 2.  Comparison of estimators, linear specification

Infeasible
Feasible, sum 

score
Feasible, IRT 

score
Bias corrected, 

sum score
Bias corrected, 

IRT score
MLE
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5 An empirical application

In this section I conduct an empirical exercise to demonstrate the use of the methods proposed

in this paper. I employ a sample of data from the National Longitudinal Study of Youth 1979

(NLSY79) to investigate the effect of education on earnings controlling for ability. My analysis

is restricted to 30-year old white males who reported working at least 35 hours per week on

average. Table 3 reports summary statistics for this subsample.

items mean std. dev.
Math. Knowledge 25 0.64 0.25 0.15
Arith. Reasoning 30 0.71 0.23 0.13
Paragraph Comp. 15 0.78 0.19 0.13
Word Knowledge 35 0.82 0.16 0.09
Rosenberg 10 0.95 0.09 0.03
Rotter 4 0.69 0.26 0.19

mean std. dev. min. max
Highest grade completed 13.84 2.46 7 20
Avg. weekly wage 969.71 524.50 2.98 3764.71
Hours worked per wk. 47.46 9.67 35 97.85
Urban residence 0.74 0.44 0 1
Married 0.63 0.48 0 1
Children in household 0.86 1.06 0 5
Urban residence, at age 14 0.75 0.44 0 1
Father's highest grade completed 12.60 3.28 0 20
Mother's highest grade completed 12.22 2.27 3 20

Table 3. Summary Statistics

Notes: Statistics calculated on the sample of 1,113 white males described in the text. 
Highest grade completed corresponds to the highest level reported by the individual by 
the 2010 survey. The parents' education is reported at the initial interview in 1979. The 
scores reported for the ASVAB subtests and the Rosenberg and Rotter scales are the 
average responses as described in the text.

(a) Assessments

(b) Other variables

𝜔"

As part of the survey, respondents were administered the Armed Services Vocational Apti-

tude Battery (ASVAB) which consists of ten subtests. Recently, the individual item responses

for four subtests – mathematical knowledge, arithmetic reasoning, paragraph comprehension,

and word knowledge – have been offered in a new data release.9 In addition, individuals were

administered two separate personality surveys, the Rosenberg Self Esteem and the Rotter

9See Schofield (2014) for an initial analysis of this newly released data.
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Locus of Control which consist of 10 and 4 binary items, respectively.10 These data are also

summarized in Table 3.

I estimate an earnings regression that controls for various dimensions ability. I start by

estimating the following regression model

Yi = β0 + β1Si + β′2Xi +
6∑

k=1

β3,kM̄ki + ui

where Yi is the log of individual i’s average weekly wages, Si represents education level, and

Xi is a vector of additional controls, including year dummies. For k = 1, . . . , 4, M̄ki is the

score (% answered correctly) on subtest k of the ASVAB. For k = 5, 6, M̄ki represents the

average response on the Rosenberg and Rotter surveys after items are recoded so that a 1 is

associated with higher self esteem and a more internal locus of control, respectively.

The results from two specifications of this regression are reported in Table 4. In both

specifications, the coefficient on education is substantially smaller after controlling for ability.

According to a simple extension of Theorem 3.1, the OLS estimator in each of these regressions

is consistent for the estimand of the infeasible regression

Yi = β0 + β1Si + β′2Xi +
6∑

k=1

β3,kp̄k(θik) + εi

though the asymptotic distribution is biased if the number of items per test is too small.

To address this issue, for each of the six scores, I use the method proposed in Section 3.2

to estimate ω̄k. Table 3 reports these estimates. These estimates of ω̄k are then used to

construct a bias-corrected regression estimates, which are reported in Table 4. The bias-

corrected estimates suggest a non-negligible bias in the estimates of the coefficients on the

ability measures. The estimates of the education effect are smaller (by ≈ 10%) after the bias

correction.

Implementing the estimator ˆ̄ωJ requires specifying the kernel functions, bandwidths, and

10Respondents are asked whether they weakly agree, strongly agree, weakly disagree, or strongly disagree
with different statements. I convert responses to a binary agree or disagree classification.
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no controls feasible bias-corrected no controls feasible bias-corrected
0.067 0.043 0.038

(0.009) (0.011) (0.009)
0.318 0.227 0.212

(0.043) (0.048) (0.046)
0.324 0.451 0.309 0.412

(0.136) (0.206) (0.130) (0.185)
0.023 -0.091 0.077 -0.019

(0.159) (0.264) (0.158) (0.249)
0.177 0.315 0.170 0.303

(0.145) (0.251) (0.145) (0.245)
-0.237 -0.403 -0.265 -0.439
(0.183) (0.253) (0.182) (0.276)
0.613 0.845 0.647 0.888

(0.231) (0.330) (0.227) (0.336)
0.163 0.290 0.170 0.299

(0.080) (0.138) (0.079) (0.153)

Word Knowledge

Rosenberg

Rotter

Notes:  The regressions are based on a sample of 1,113 white males. All regressions controlled for urban residence,  
regional dummies, mother's and father's educational level, urban residence at age 14, and year dummies. Standard errors, 
reported in parentheses, are the conventional heteroskedasticity-robust standard errors except for bias-corrected 
estimators for which standard errors are computed from 100 bootstrap draws. 

Graduated College

Table 4. The effect of education on earnings at age 30, white males. 

Highest Grade Completed

Math. Knowledge

Arith. Reasoning

Paragraph Comp.

trimming parameters. I use the kernel function K(u) = (1−u2)1(|u| ≤ 1), though very similar

results are found with a uniform or triangular kernel. I use leave-one-out cross validation to

choose each bandwidth. And I use a value of δn = 0.05 for the trimming parameter. In

unreported simulation results I find little variation in the results due to somewhat larger

bandwidths and trimming parameters.

6 Conclusion

Using a test score in an econometric model to control for latent ability generally introduces

measurement error bias. This paper demonstrates this using the sum score and a linear

regression model and proposes a simple solution. These asymptotic results, for both the

uncorrected least squares estimator and the bias-corrected estimator are new to the literature,

though parametric versions of this bias correction procedure have been suggested by Battauz

et al. (2011) and Lockwood and McCaffrey (2014) and similar bias corrections have been

developed for dynamic and nonlinear panel data models with fixed effects. In contrast to

16



this work, the results in this paper do not require specification of a parametric item response

model. The Monte Carlo study suggests that the proposed bias-corrected estimator performs

well when J ≥ 16 even with a moderate size sample (n = 250), and the practical importance

of these results is demonstrated by the empirical exercise in Section 5.
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A Proofs of main results

This section contains the proofs of the main theorems in the paper along with a statement

of the assumptions used for each theorem. Section A.1 provides the proof of Theorem 2.1.

Section A.2 concerns Theorem 2.2 and Section A.3 concerns Theorem 2.3.

A.1 Theorem 2.1

Recall that QJ = E(WiJW
′
iJ) and V1J = V ar(WiJuiJ). The conditions stated in Theorem

2.1 imply the following set of higher level regularity conditions. These higher level regularity

conditions simplify the proof of Theorem 2.1.

Assumption A.1. There exists J0 such that or all J ≥ J0,

(i) |βJ | ≤ b̄ <∞.

(ii) ||QJ || ≤ λ̄ <∞ and λmin(QJ) ≥ λ > 0.

(iii) λmin(V1J) ≥ λ > 0.

(iv) E||WiJW
′
iJ − E(WiJW

′
iJ)||2 ≤ C̄ <∞.

(v) E(|WiJuiJ |2+δ) ≤ D̄ <∞.

(vi) limJ→∞ V1J = limJ→∞ V
∗

1J and limJ→∞QJ = limJ→∞Q
∗
J .

Lemma A.1. Under the assumptions of Theorem 2.1 the conditions of Assumption A.1 are

all satisfied.

The following lemma is also used in the proof of Theorem 2.1, where Q̂J = n−1
∑n

i=1WiJW
′
iJ

be the sample analog of QJ .

Lemma A.2. Under Assumption A.1,
√
n||Q̂−1

J −Q
−1
J || = Op(1).
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I now use these two results to prove Theorem 2.1. The proof is followed by proofs of these

two lemmas. I use the notation an,J � bn,J for sequences of random variables {an,J}n,J→∞ and

{bn,J}n,J→∞ to mean that an,J ≤ κbn,J for all n, J where κ is nonrandom and does not vary with

n or J . Throughout this section, I use the matrix norm ||A|| := ||A||2 = maxv∈Rl |Av|2/|v|2

for a matrix with l columns where | · |2 is the usual euclidean distance (l2 norm) for a finite

vector space. This norm is also equal to the largest eigenvalue of the matrix A. Because the

relevant matrices operate on finite vector spaces all matrix norms are equivalent. I will use

this fact along with the Frobenius norm, ||A||Frob. :=
(∑

i,j A
2
i,j

)1/2

.

Proof of Theorem 2.1. First, β̂OLSJ − βJ = ψ̂nJ + B̂nJ where

ψ̂nJ := Q̂−1
J n−1

n∑
i=1

(ξiJ − E(ξiJ))

B̂nJ := Q̂−1
J n−1

n∑
i=1

E(ξiJ)

Also, let ψnJ := Q−1
J n−1

∑n
i=1(ξiJ−E(ξiJ)) and recall that BJ = Q−1

J E(ξiJ). Since the sample

is i.i.d. across i, B̂nJ = Q̂−1
J E(ξiJ), and therefore

√
n(β̂OLSJ − βJ −BJ) =

√
nψnJ +

√
n(ψ̂nJ − ψnJ) +

√
n(B̂nJ −BJ)

=
(
I + (Q̂−1

J −Q
−1
J )QJ

)√
nψnJ +

√
n(Q̂−1

J −Q
−1
J )E(ξiJ)

= (I + op(1))
√
nψnJ +Op(1)E(ξiJ),

where the final equality follows from Lemma A.2 and Assumption A.1(ii).
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Next, since WiJ = W ∗
iJ + (WiJ −W ∗

iJ) = W ∗
iJ + eK+2ηiJ ,

E(ξiJ) = E(WiJεiJ)− E (WiJ(WiJ −W ∗
iJ)′) βJ

= E(W ∗
iJεiJ) + E((WiJ −W ∗

iJ)εiJ)− E (W ∗
iJ(WiJ −W ∗

iJ)′) βJ

− E ((WiJ −W ∗
iJ)(WiJ −W ∗

iJ)′) βJ

= E(W ∗
iJεiJ) + eK+2E(ηiJεiJ)− E(W ∗

iJηiJ)e′K+2βJ − E(η2
iJ)eK+2e

′
K+2βJ

= −E(η2
iJ)eK+2e

′
K+2βJ

where the final line follows because E(W ∗
iJεiJ) = 0, E(ηiJεiJ) = E(ηiJE(εiJ | Mi, θi, Xi)) =

E(ηiJE(εiJ | θi, Xi)) = E(E(ηiJ | θi, Xi)E(εiJ | θi, Xi)) = 0, and E(W ∗
iJηiJ) = E(W ∗

iJE(ηiJ |

Xi, θi)) = 0. Then Assumption 2.1(i) implies that E(η2
iJ) = J−2

∑J
j=1 V ar(Mij | θi). Since

each Mij is discrete, V ar(Mij | θi) is bounded by some constant, C > 0 so E(η2
iJ) ≤ J−1C.

Combining results, using Assumption A.1(i), I can conclude that E(ξiJ) = o(1).

Conclusion (a) of the theorem follows if
√
nψnJ →d N(0, Q̄−1V̄1Q̄

−1). To show this, I will

apply the Lindeberg CLT (Billingsley, 1995, p. 369) to
∑n

i=1 ζiJ where ζiJ = t′V
−1/2
J Q−1

J (ξiJ −

E(ξiJ))/
√
n for any fixed vector t ∈ RK+2 and VJ := Q−1

J V1JQ
−1
J where V1J := V ar(ξiJ).

First note that E(ζiJ) = 0 by construction. Second, E(ζ2
iJ) = n−1t′V

−1/2
J Q−1

J V1JQ
−1
J V

−1/2
J t =

n−1t′t < ∞. Then define s2
n =

∑n
i=1 E(ζ2

iJ) = t′t. The last step is to verify the Lyapunov

condition: 1

s2+δn

∑n
i=1E(|ζiJ |2+δ) = nE(|ζiJ |2+δ)/(t′t)2+δ → 0. To verify this, note that

nE(|ζiJ |2+δ) = n−δ/2E(|t′(V −1/2
1J QJ)Q−1

J (ξiJ − E(ξiJ))|2+δ)

= n−δ/2E(|t′V −1/2
1J (ξiJ − E(ξiJ))|2+δ).

So it is sufficient to show that E(|t′V −1/2
1J (ξiJ − E(ξiJ))|2+δ) < M < ∞. Noting that

|t′V −1/2
1J (ξiJ − E(ξiJ))| ≤

√
t′t

λmin(V1J )
|ξiJ − E(ξiJ)|, the result follows by Assumptions A.1(iii)

and A.1(v) since E|ξiJ−E(ξiJ)|2+δ � E|ξiJ |2+δ. Thus,
∑n

i=1 ζiJ →d N(0, 1) for any t, which im-

plies by the Cramer-Wold device, that V
−1/2
J Q−1

J (ξiJ−E(ξiJ))/
√
n =
√
nV
−1/2
J ψnJ →d N(0, I).
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By Lemma A.1, VJ → V̄ so
√
nψnJ → N(0, V̄ ).

To prove conclusions (b) and (c) of the theorem,

√
n(β̂OLSJ − βJ) =

√
n(β̂OLSJ − βJ −BJ) +

√
nBJ

As shown above, E(ξiJ) = −J−1ω̄JeK+2e
′
K+2βJ where ω̄J = J−1

∑J
j=1 V ar(Mij | θi).

Therefore,

√
nBJ = Q−1

J

√
nE(ξiJ)

=

√
n

J
Q−1
J ω̄JeK+2e

′
K+2βJ

Since the variables are discrete we can assume that ω̄J ≤ C for some 0 < C < ∞ and

therefore if
√
n/J → 0,

√
nBJ = o(1). And if

√
n/J → γ < ∞ but B̄ := limJ→∞ JBJ =

limJ→∞Q
−1
J ω̄JeK+2e

′
K+2βJ exists then

√
nBJ =

√
n

J
Q−1
J ω̄JeK+2e

′
K+2βJ

→ γB̄

Proof of Lemma A.1. First, βJ = E(W ∗
iJW

∗′
iJ)−1E(W ∗

iJYi) so |βJ | ≤ ||Q∗−1
J || · |E(W ∗

iJYi)| ≤√
E(|W ∗

iJYi|2)/λmin(Q∗J) ≤ D̄
1/(2+δ)
2 /λ.

Next, WiJuiJ = (W ∗
iJ +(WiJ−W ∗

iJ))(εiJ−(WiJ−W ∗
iJ)′βJ). Since WiJ−W ∗

iJ = eK+2ηiJ and

ηiJ = |M̄iJ −E(M̄iJ | θi)| ≤ maxj supSupport(Mij) <∞ and because |βJ | is also bounded as

just shown,

|WiJuiJ |2+δ � 1 + |εiJ |+ |W ∗
iJεiJ |2+δ + |W ∗

iJ |2+δ.

Then since εiJ = Yi−W ∗′
iJβJ , condition (v) in Assumption A.1 is implied by the bound on βJ

and the bounds on E(|Yi|2+δ), E(|W ∗
iJYi|2+δ), and E(||W ∗

iJW
∗′
iJ ||) assumed in the statement of
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the theorem.

Next, under Assumption 2.1 E(W ∗
iJηiJ) = E(ηiJ) = 0 so QJ = Q∗J + EJ where EJ is

a matrix with zeros everywhere except in the K + 2, K + 2 position where it is equal to

E(M̄2
iJ) − E(πJ(θi)

2). By the triangle inequality, ||QJ || ≤ ||Q∗J || + ||EJ || and by Weyl’s

theorem λmin(QJ) ≥ λmin(Q∗J) + λmin(EJ). Then note that ||Q∗J || � E(||W ∗
iJW

∗′
iJ ||2+δ). Also,

E(M̄2
iJ) − E(p̄J(θi)

2) = E(η2
iJ) implies that ||EJ || ≤ CJ−1 and λmin(EJ) = 0. Therefore,

Assumption A.1(ii) holds.

Next, by matrix norm equivalence

||WiJW
′
iJ − E(WiJW

′
iJ)||2 �||W ∗

iJW
∗′
iJ − E(W ∗

iJW
∗′
iJ)||2Frob. + (M̄iJ − E(M̄iJ))2

+
∑
k

(M̄iJXik − E(M̄iJXik))
2 + (M̄2

iJ − E(M̄2
iJ))2

Since each M̄iJ is bounded the second and fourth terms are bounded and the third term is

bounded by the first. Since ||W ∗
iJW

∗′
iJ − E(W ∗

iJW
∗′
iJ)||Frob. � ||W ∗

iJW
∗′
iJ − E(W ∗

iJW
∗′
iJ)|| and

||W ∗
iJW

∗′
iJ − E(W ∗

iJW
∗′
iJ)||2 � ||W ∗

iJW
∗′
iJ ||2 + ||Q∗J ||2 it follows that condition (iv) in Assump-

tion A.1 holds.

To prove (iii), first it can be shown that the assumptions of Theorem 2.1 imply that

V1J = V ∗1J + F1J where F1J is a matrix with entries f l,kJ such that maxl,k |f l,kJ | = O(J−1).11

As a result, due to e.g. Gershgorin’s theorem, the minimum eigenvalue of F1J is also O(J−1)

which implies that for any ε > 0 there is a Jε such that for J ≥ Jε, λmin(F1J) > −ε. Therefore,

by Weyl’s theorem λmin(V1J) is bounded away from 0 since λmin(V ∗1J) is.

Lastly, note that using previous results in the proof, limJ→∞QJ = limJ→∞Q
∗
J+limJ→∞EJ =

limJ→∞Q
∗
J and limJ→∞ V1J = limJ→∞ V

∗
1J+limJ→∞ F1J = limJ→∞ V

∗
1J , proving condition (vi).

11First, E(WiJuiJ) = −E(η2iJ)eK+2e
′
K+2βJ so only one entry of V1J − E(u2iJWiJW

′
iJ) is nonzero and

that entry is O(J−2) since E(η2iJ) = O(J−1). Then, since u2iJ = ε2iJ + β′J(WiJ − W ∗iJ)(WiJ − W ∗iJ)′βJ −
2εiJ(WiJ −W ∗iJ)′βJ , we have E(u2iJWiJW

′
iJ) = E(ε2iJWiJW

′
iJ) +E(β′J(WiJ −W ∗iJ)(WiJ −W ∗iJ)′βJWiJW

′
iJ)−

2E(εiJ(WiJ −W ∗iJ)′βJWiJW
′
iJ). Then the result follows by using WiJW

′
iJ = W ∗iJW

∗′
iJ + 2W ∗iJ(WiJ −W ∗iJ)′ +

(WiJ − W ∗iJ)(WiJ − W ∗iJ)′ since Assumption 2.1 implies that E(εiJ | Xi, θi, M̄iJ) = E(εiJ | Xi, θi) and
E(|WiJ −W ∗iJ |r) = O(J−1) for r ≥ 2.
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Proof of Lemma A.2. First note that ||Q̂−1
J − Q

−1
J || ≤ ||Q

−1
J ||||Q̂

−1
J ||||Q̂J − QJ ||. Next, I can

use the identity, ||(I − P )−1|| ≤ 1
1−||P || for a matrix P such that ||P || < 1 to show that

||Q̂−1
J || ≤

||Q−1
J ||

1−||Q−1
J ||||Q̂J−QJ ||

. Therefore, for ε > 0,

Pr(
√
n||Q̂−1

J −Q
−1
J || > ε) ≤ Pr(||Q̂J −QJ || > 1/||Q−1

J ||)

+ Pr(||Q̂J −QJ || > n−1/2ε/(||Q−1
J ||n

−1/2ε+ ||Q−1
J ||

2))

By Assumption A.1(ii), ||Q−1
J || ≤ 1/λmin(QJ) < 1/λ < ∞. The result then follows from

Assumption A.1(iv) and Chebyschev’s inequality.

A.2 Theorem 2.2

Proof. Because

√
n(β̂bcJ − βJ) =

√
n(β̂OLSJ − βJ −BJ)−

√
n(B̂J −BJ)

the results follows if
√
n(B̂J −BJ)→ 0.

In the first case

√
n(B̂J −BJ) =

√
n

J
J(B̂J −BJ)

= o(1)J(B̂J −BJ)

= op(1)

26



In the second case,

√
n(B̂J −BJ) =

√
n

J1+α
J1+α(B̂J −BJ)

= O(1)Jα
(
op(n

−δ) + op(J
−α)
)

= op(1)
Jα

nδ
+ op(1)

=
op(n

α
2(1+α) )

nδ
+ op(1)

= op(1)

A.3 Theorem 2.3

To prove the result, I index J by n and show that plimn→∞
∣∣ ˆ̄ωJn − ω̄Jn∣∣ = 0. This result is

derived under the following assumption in addition to Assumption 2.1.

Assumption A.2.

(a) For each j, the function pj(t) := E(Mi,j | θi = t) is continuous and differentiable for all

t ∈ R with derivative Dpj(t) that is also continuous at each t ∈ R. Further, the family

of functions {Dpj : j ≥ 1} is equicontinuous at t for each t ∈ R.

(b) There exists a function ψ1 : R → R such that cjψ1(t) ≤ Dpj(t) ≤ Cjψ1(t) for all j ≥

and t ∈ R where ψ1(t) > 0 for all t, infj≥1 cj > 0 and supj≥1Cj <∞.

(c) There exists a function ψ2 : R→ R such that ψ2(t) ≤ fθ(t)
ψ1(t)
≤ Bψ2(t) for all J ≥ J0 and

t ∈ R and some ε < 1 such that supJ≥J0
∫
R (ψ2(t))ε ψ1(t)dt < ∞ and some p > 1 such

that supJ≥J0
∫
R (ψ2(t))p ψ1(t)(t)dt < ∞. The function ψ2 is monotonic on the interval

(−∞, t0] and monotonic on the interval [t0,∞).

(d) θ has absolutely continuous distribution function Fθ and density fθ that is continuous

and satisfies 0 < fθ(t) ≤ f̄θ for all t ∈ Θ := support(θi).
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(e) K is a nonnegative kernel function such that for all u ∈ R, K1(|u| ≤ 1/2) ≤ K(u) ≤

K̄1(|u| ≤ 1) for some constants 0 < K < K̄ <∞.

(f) {Jn : n ≥ 1} is a sequence such that Jn = O(nr) and J−1
n = O(n−r) for some r > 0,

max1≤j≤Jn hj,n → 0, and max1≤j≤Jn ρnh
−1
j,n = o(1) where ρn = ((Jn − 1)−1 log(Jn − 1))

1/2

(g) δn → 0, δ−1
n = o

(
((Jn − 1)−1 log(Jn − 1))−(p−1)/2p

)
and δ−1

n = o(aε−1
n ) for a sequence an

such that max1≤j≤Jn
log(n)

nh2n,ja
2
n
→ 0.

The main expansion in the proof of Theorem 2.3 is

| ˆ̄ωJn − ω̄Jn| ≤ (nJn)−1

n∑
i=1

Jn∑
j=1

(
ω̂∗j,Jn(M̄i,−j)− ω∗j,Jn(M̄i,−j)

)
Îi,j (A.1)

+ (nJn)−1

n∑
i=1

Jn∑
j=1

(
ω∗j,Jn(M̄i,−j)− ωj(θi)

)
Îi,j

+ (nJn)−1

n∑
i=1

Jn∑
j=1

ωj(θi)(Îi,j − 1)

+ (nJn)−1

n∑
i=1

Jn∑
j=1

(ωj(θi)− E(ωj(θi)))

where Îi,j = 1(M̄i,−j ∈ M̂δn). The proof uses Lemma B.1 in this appendix and Lemma

C.1 in Williams (2019a), which both provide convergence results for the measurement errors,

M̄i,−j − p̄Jn,−j(θi). Lemma B.1 allows Îi,j to be replaced with 1(M̄i,−j ∈ Mδn/2) in the first

term. The uniform convergence result, Theorem B.1, is then used to show that the first term

is consistent.

Proof of Theorem 2.3. The first term in equation (A.1) is op(1) if Pr(M̂δn ⊂Mδn/2)→ 1 and

max
1≤i≤n

max
1≤j≤Jn

∣∣ω̂∗j,Jn(M̄i,−j)− ω∗j,Jn(M̄i,−j)
∣∣1(M̄i,−j ∈Mδn/2)→p 0

The former follows by verifying the conditions of Lemma B.1 and, since |ω̂∗j,Jn(m)−ω∗j,Jn(m)| ≤

3|p̂∗j,Jn(m) − p∗j,Jn(m)|, the latter follows by verifying the conditions of Theorem B.1. The
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conditions of Lemma B.1 are implied by Assumption 2.1 and conditions (b), (c), (f), and (g)

of Assumption A.2.

Theorem B.1 applies with S = Jn, Wi,s = Mi,s for each 1 ≤ s ≤ Jn, J̃s = Jn − 1

and (M̃i,s,1, . . . , M̃i,s,J̃s
) = (Mi,1, . . . ,Mi,s−1,Mi,s+1, . . . ,Mi,Jn). Therefore, condition (a) of

Assumption B.2 holds by Assumption 2.1. Condition (b) holds because |Mi,j| ≤ 1. Condition

(c) holds by condition (a) of Assumption A.2. Condition (d) holds by Assumption 2.1 and

conditions (a) and (b) of Assumption A.2. Conditions (e) and (f) are identical to (d) and (e)

of Assumption A.2, respectively. It remains to show that infJ≥J0 inft∈Θδn
fθ(t)
ψ1(t)
≥ an and there

is some 0 ≤ δ < 1/2 such that for all n ≥ 1, Mδ ⊂Mδn .

The latter holds, at least for n sufficiently large, because δn → 0. To prove the former, it is

sufficient to show that inft∈Θδn
ψ2(t) ≥ an. Because of the properties of ψ2, assuming that n is

large enough that qδn(θi) < t0 < q1−δn(θi), this holds if ψ2(qδn(θi)) ≥ an and ψ2(q1−δn(θi)) ≥ an.

I will prove the first of these two inequalities; the proof of the second is nearly identical. If

ψ2 is nondecreasing on (−∞, t0] or if it is nonincreasing but there is some ε > 0 such that

ψ2(t) ≥ ε for all t < t0 then the result is automatic so I will now consider the case where ψ2

is nonincreasing and eventually less than an.

Let ψ−1
2 (an) denote the unique point to the left of t0 where ψ2(ψ−1

2 (an)) = an. Then

Pr(θi < ψ−1
2 (an)) ≤ Pr(ψ2(θi) < an)

=

∫
1(ψ2(θ) < an)fθi(θ)dθ

≤ B

∫
1(ψ2(θ) < an)ψ2(θ)ψ1(θi)dθ

≤ Ba1−ε
n

∫
(ψ2(θ))εψ1(θi)dθ

= o(δn)

But Pr(θi < ψ−1
2 (an)) ≤ εδn implies that ψ−1

2 (an) ≤ qδn(θi) which implies that an ≤

ψ2(qδn(θi)), as desired.
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Next, the second term in (A.1) is bounded by

max
1≤i≤n

max
1≤j≤Jn

|ω∗j,Jn(M̄i,−j)− ωj(θi)|

≤ 3 max
1≤i≤n

max
1≤j≤Jn

|p∗j,Jn(M̄i,−j)− pj(θi)|

≤ 3

(
sup
θ∈Θ

Dpj(θ)

Dp̄Jn,−j(θ)

)
max
1≤i≤n

max
1≤j≤Jn

|M̄i,−j − p̄Jn,−j(θi)|

which is op(1) by conditions (a) and (b) of Assumption A.2 and by Lemma C.1 in Williams

(2019a).

The third term in equation (A.1) is bounded by

J−1
n

Jn∑
j=1

(
n−1

n∑
i=1

1(M̄i,−j /∈ M̂δn)

)
≤ J−1

n

Jn∑
j=1

(
n−1

n∑
i=1

1(M̄i,−j ≤ q̂δn(M̄i,−j))

)

+ J−1
n

Jn∑
j=1

(
n−1

n∑
i=1

1(M̄i,−j ≥ q̂1−δn(M̄i,−j))

)

≤ 2δn → 0

Lastly, an application of Chebyschev’s inequality to the sum
∑n

i=1 ZiJn , where ZiJn =

J−1
n

∑n
j=1{ωj(θi) − E(ωj(θi))} shows that the final term in equation (A.1) is op(1) as well.

Chebyschev’s inequality can be applied since E(ZiJn) = 0 and ZiJn is independent across i

and the resulting bound is o(1) since |ω(m)| ≤ 1
4
, V ar(ZiJn) ≤ E(Z2

iJn
) ≤ 1

2
.

Thus I have shown that | ˆ̄ωJn − ω̄Jn| →p 0 since each of the four terms in equation (A.1) is

op(1).

B Uniform convergence of kernel regression estimators

Consistent estimation of ω̄J requires uniform convergence of estimators of E(Wi | θi) for a

random variable Wi. See Williams (2019a) for two such results. In this section, I provide a
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new result for the kernel regression estimator. Let Wi,1, . . . ,Wi,S be a random vector and for

each 1 ≤ s ≤ S let M̄i,s be the simple average of the items M̃i,s,1, . . . , M̃i,s,J̃s
and define

ĝws(m) =

∑n
i=1 Wi,sK

(
M̄i,s−m
hsn

)
∑n

i=1K
(
M̄i,s−m
hsn

)
B.1 Assumptions and statement of convergence results

Consider first the following assumption, which is also used in Williams (2019a).

Assumption B.1.

(a) The binary random variables, M̃i1, . . . , M̃iJ̃ are mutually independent conditional on θi

(b) ∃J0 such that, for each J̃ ≥ J0, p̄J̃(t) is strictly increasing, continuous and differentiable

at all t ∈ R with derivative Dp̄J̃(t) such that for each t ∈ R, the family of functions

{Dp̄J̃ : J̃ ≥ J0} is equicontinuous at t. Moreover, for each t ∈ R, inf J̃≥J0 Dp̄J̃(t) > 0.

(c) θ has absolutely continuous distribution function Fθ and density fθ that is continuous

and satisfies 0 < fθ(t) ≤ f̄θ for all t ∈ Θ := support(θi).

The next lemma shows that conclusion (a) of the previous lemma and conditions (b) and

(c) of Assumption B.1 can be used to derive a bound on the distance between the cumulative

distribution functions of M̄i and p̄J̃(θi), |FM̄(m)−Fp̄J̃ (θi)(m)|. That result will in turn be used

to derive an important result related to the empirical quantile function for M̄i. To state this

result, for any δ ∈ [0, 1], and any random variable Z, let qδ(Z) = inf{q : FZ(q) ≥ δ} and

q̂δ(Z) = inf{q : F̂Z(q) ≥ δ}, where F̂Z(z) := n−1
∑n

i=1 1(Zi ≤ z).

Lemma B.1. Under Assumption B.1, if the sequence of random vectors M̃i = (M̃i1, . . . , M̃iJ̃),

i = 1, . . . , n is i.i.d. for each J̃ then

(i) For any ε > 0 and m such that [m− ε,m+ ε] ⊂ p̄J̃(Θ),

|FM̄i
(m)− Fp̄J̃ (θi)(m)| ≤

(
sup

m∗∈[m−ε,m+ε]

fθ(p̄
−1

J̃
(m∗))

Dp̄J̃(p̄−1

J̃
(m∗))

)
ε+ 2 exp(−2J̃ε2)
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(ii) If there is a function ψ such that
fθi (θ

Dp̄J̃ (θ)
< ψ(θ) for all θ ∈ Θ where ψ is weakly

monotonic on (−∞, t0) and on [t0,∞) for some t0 and, for some J0 ≥ 1 and p > 1,

supJ̃≥J0
∫

Θ
ψ(θ)p−1Dp̄J̃(θ)dθ < ∞, if J̃n is a sequence such that J̃n = O(nr) and J̃−1

n =

O(n−r) for some r > 0, and if δn > 0 is a sequence such that δ−1
n = o(n1/2/log(n)) and

δ−1
n = o

(
(J̃−1
n log(J̃n))−(p−1)/2p

)
then

Pr(qδn(p̄J̃n(θi)) > q̂2δn(M̄i))→ 0

and

Pr(q1−δn(p̄J̃n(θi)) < q̂1−2δn(M̄i))→ 0

Now, the following conditions will be sufficient to derive uniform consistency of ĝws(m)

over m and s.

Assumption B.2.

(a) For each 1 ≤ s ≤ S, the binary random variables M̃i,s,1, . . . , M̃i,s,J̃s
are mutually inde-

pendent conditional on θi and Wi,s ⊥⊥ M̃i,s | θi where M̃i,s = (M̃i,s,1, . . . , M̃i,s,J̃s
).

(b) There is a constant B > 0 such that, max1≤s≤S |Wi,s| ≤ 1
2
B.

(c) For each 1 ≤ s ≤ S, the function hws,0(t) := E(Wi,s | θi = t) is continuous and

differentiable for all t ∈ R with derivative Dhws,0(t) that is also continuous at each

t ∈ R.

(d) Condition (b) of Assumption B.1 is satisfied for the function p̄s,J̃s(t) := E(M̄i,s | θi = t),

with the equicontinuity and lower bound on Dp̄s,J̃s holding across all 1 ≤ s ≤ S and all

J̃s, and there is a constant B such that max1≤s≤S supt∈Θ
|Dhws,0(t)|
Dp̄s,J̃s

≤ B.

(e) The distribution of the random variable θi satisfies condition (c) of Assumption B.1.

(f) K is a nonnegative kernel function such that for all u ∈ R, K1(|u| ≤ 1/2) ≤ K(u) ≤

K̄1(|u| ≤ 1) for some constants 0 < K < K̄ <∞.
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Theorem B.1. Suppose that {Sn : n ≥ 1} and {J̃s,n : 1 ≤ s ≤ Sn, n ≥ 1} are sequences such

that, for each S = Sn and J̃s = J̃s,n, (Wi,1,M
′
i,1, . . . ,Wi,S,M

′
i,S), 1 ≤ i ≤ n is an i.i.d. random

sample and Assumption B.2 holds. If, in addition,

(i) J̃n = O(nr) for some r > 0 and Sn = O(nq) for some q,

(ii) max1≤s≤Sn hs,n → 0, and max1≤s≤Sn ρnh
−1
s,n = o(1) where ρn = max1≤s≤Sn

(
J̃−1
s,n log(J̃s,n)

)1/2

,

and

(iii) δn and an are sequences such that min1≤s≤Sn inft∈Θδn
fθ(t)

Dp̄s,J̃s,n (t)
≥ an, max1≤s≤Sn

a2n√
nh2n,s

→

0, and there is some 0 ≤ δ < 1/2 such that for all n ≥ 1, Mδ ⊂Mδn,

then

max
1≤i≤n,1≤s≤S

|ĝws(M̄i,s)− g̃ws(M̄i,s)|1
(
M̄i,s ∈Mδn

)
= op(1)

Where it is not necessary for understanding the notation is simplified by omitting the n

subscript on J̃n and the J̃ subscript on p̄J̃ .

Proof of Theorem B.1. For any ε > 0 and c > 0,

Pr

(
max

1≤i≤n,1≤s≤S
|ĝws(M̄i,s)− g̃ws(M̄i,s)| > ε

)
≤ Pr

(
max

1≤i≤n,1≤s≤S
|ĝws(M̄i,s)− g̃ws(M̄i,s)| > ε,max

i,s
|ηi,s| ≤ cρn

)
+ Pr

(
max
i,s
|ηi,s| > cρn

)

and Pr (maxi,s |ηi,s| > cρn) ≤ Sn max1≤s≤Sn Pr (maxi |ηi,1| > cρn)→ 0, where the limit follows

for c sufficiently large by Lemma C.1 in Williams (2019a) and condition (i) in the statement

of the theorem. Therefore, for the rest of the proof I will assume that |ηi,s| ≤ cρn for all i and

s for a sufficiently large constant c > 0.

Next, M̄i,s ∈ Mδn ⊂ p̄s,J̃s,n(Θ) implies that the function g̃ws , is defined at the point M̄i,s
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and, by condition (d) Assumption B.2, that

∣∣∣g̃ws(p̄s,J̃s,n(θi′))− g̃w(M̄i,s)
∣∣∣ ≤ (sup

θ∈Θ

∣∣∣Dg̃w(p̄s,J̃s,n(θ))
∣∣∣) ∣∣∣p̄s,J̃s,n(θi′)− M̄i,s

∣∣∣
≤ B

(
cρn + |M̄i′,s − M̄i,s|

)
and, therefore, for each 1 ≤ s ≤ Sn,

∣∣∣∣∣(nhs,n)−1

n∑
i′=1

(
g̃w(p̄s,J̃s,n(θi′))− g̃w(M̄i,s)

)
K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣
≤ B(nhs,n)−1

n∑
i′=1

(
cρn + |M̄i′,s − M̄i,s|

)
K

(
M̄i′,s − M̄i,s

hs,n

)
≤ B (cρn + hs,n) f̂1(M̄i,s)

where f̂1(m) = (nhs,n)−1
∑n

i′=1 K
(
M̄i′,s−m
hs,n

)
.

SinceWs,i′ = hws,0(θi′)+es,i′ = g̃ws(p̄s,J̃s,n(θi′))+ei′ = g̃ws(M̄i,s)+g̃ws(p̄s,J̃s,n(θi′))−g̃w(M̄i,s)+

ei′ ,

|ĝws(M̄i,s)− g̃ws(M̄i,s)| ≤
1

f̂1(M̄i,s)

∣∣∣∣∣(nhs,n)−1

n∑
i′=1

∣∣∣g̃w(p̄s,J̃s,n(θi′))− g̃w(M̄i,s)
∣∣∣K (M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣
+

1

f̂1(M̄i,s)

∣∣∣∣∣(nhs,n)−1

n∑
i=1

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣
≤ B (cρn + hs,n) +

1

f̂1(M̄i,s)

∣∣∣∣∣(nhs,n)−1

n∑
i=1

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣
which implies, by condition (ii) in the statement of the theorem, that for any ε > 0, for n

sufficiently large,

max
1≤i≤n,1≤s≤Sn

|ĝws(M̄i,s)− g̃ws(M̄i,s)| (B.1)

≤ ε

2
+ max

1≤i≤n,1≤s≤Sn

1

f̂1(M̄i,s)

∣∣∣∣∣(nhs,n)−1

n∑
i=1

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣
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Next, by conditions (a), (b), and (f) of Assumption B.2, E(eiKi) = 0 and −K̄M ≤ eiKi ≤

K̄M where Ki = K
(
M̄i′,s−M̄i,s

hs,n

)
. Therefore, by Hoeffding’s inequality, for any ε > 0,

Pr

(∣∣∣∣∣(nhs,n)−1
∑

i′:1≤i′≤n,i′ 6=i

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣ > ε/2

)
≤ 2 exp

(
−
nh2

s,nε
2

8K̄2M2

)

Then, since

∣∣∣∣∣(nhs,n)−1

n∑
i′=1

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣
≤

∣∣∣∣∣(nhs,n)−1
∑

i′:1≤i′≤n,i′ 6=i

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣+
K̄M

nhs,n

and max1≤s≤Sn(nhs,n)−1 → 0, by condition (ii) of the theorem, we have, for sufficiently large

n,

Pr

(
max

1≤i≤n,1≤s≤Sn

∣∣∣∣∣(nhs,n)−1

n∑
i′=1

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣ > ε/2

)

≤ nSn max
1≤s≤Sn

Pr

(∣∣∣∣∣(nhs,n)−1
∑

i′:1≤i′≤n,i′ 6=i

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣ > ε/4

)

≤ 2nSn max
1≤s≤Sn

exp

(
−

nh2
s,nε

2

32K̄2M2

)
(B.2)

The last step will be to show that min1≤s≤Sn infm∈Mδn
f̂1(m) ≥ ban for some b > 0. This,

together with (B.1) and (B.2) implies that, for any ε′ > 0,

Pr

(
max

1≤i≤n,1≤s≤Sn
|ĝws(M̄i,s)− g̃ws(M̄i,s)| > ε′

)
≤ Pr

(
max

1≤i≤n,1≤s≤Sn

∣∣∣∣∣(nhs,n)−1

n∑
i′=1

ei′K

(
M̄i′,s − M̄i,s

hs,n

)∣∣∣∣∣ > ε′

2
ban

)

≤ 2nSn max
1≤s≤Sn

exp

(
−
nh2

s,nb
2a2
nε
′2

32K̄2M2

)
→ 0

where the limit follows because max1≤s≤Sn
log(n)
nh2n,sa

2
n
→ 0.
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Now, to derive the desired bound on f̂1(m), condition (f) of Assumption B.2 implies that

f̂1(m) ≥ K(nhs,n)−1

n∑
i′=1

1(|M̄i′,s −m| ≤ hs,n/2)

≥ K(nhs,n)−1

n∑
i′=1

1(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n) (B.3)

≥ Kh−1
s,nPr(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n)

−Kh−1
s,n

∣∣∣∣∣n−1

n∑
i′=1

1(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n)− E
(
1(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n)

)∣∣∣∣∣
for h̃s,n := hs,n/2− cρn.

Because the function p̄s,J̃s,n is strictly increasing and has a continuous derivative which is

bounded away from 0 on Θδ, the space Mδ = p̄s,J̃s,n(Θδ) is an interval with a width that is

bounded away from 0 as n→∞. Since, by assumption,Mδ ⊂Mδn , the width of the interval

Mδn is also bounded away from 0 as n→∞. However, h̃s,n > 0 and h̃s,n = hs,n(1
2
−cρnh−1

s,n)→

0 as n → 0. Therefore, for m ∈ Mδn , and n sufficiently large, either [m,m + h̃s,n] ⊂ Mδn or

[m− h̃s,n,m] ⊂Mδn (or both). I will assume the former; the proof is nearly identical for the

latter case. For each 1 ≤ s ≤ Sn,

inf
m∈Mδn

Pr(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n) ≥ inf
m∈Mδn

Pr(m ≤ p̄s,J̃s,n(θi′) ≤ m+ h̃s,n)

= inf
m∈Mδn

(
Fθ(p̄

−1

s,J̃s,n
(m+ h̃s,n))− Fθ(p̄−1

s,J̃s,n
(m))

)
≥

(
inf

m∈Mδn

fθ(p̄
−1

s,J̃s,n
(m))

Dp̄s,J̃s,n(p̄−1

s,J̃s,n
(m))

)
h̃s,n

≥

(
inf

θ∈Θδn

fθ(θ)

Dp̄s,J̃s,n(θ)

)
h̃s,n

≥ an
hs,n
4

(B.4)
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Also,

∣∣∣∣∣n−1

n∑
i′=1

1(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n)− E
(
1(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n)

)∣∣∣∣∣
≤

∣∣∣∣∣n−1

n∑
i′=1

1(p̄s,J̃s,n(θi′) ≤ m+ h̃s,n)− E
(
1(p̄s,J̃s,n(θi′) ≤ m+ h̃s,n)

)∣∣∣∣∣
+

∣∣∣∣∣n−1

n∑
i′=1

1(p̄s,J̃s,n(θi′) ≤ m− hs,n/2 + cρn)− E
(
1(p̄s,J̃s,n(θi′) ≤ m− hs,n/2 + cρn)

)∣∣∣∣∣
So

sup
m∈Mδn

∣∣∣∣∣n−1

n∑
i′=1

1(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n)− E
(
1(|p̄s,J̃s,n(θi′)−m| ≤ h̃s,n)

)∣∣∣∣∣
≤ 2 sup

p∈[0,1]

∣∣∣∣∣n−1

n∑
i′=1

1(p̄s,J̃s,n(θi′) ≤ p)− E
(
1(p̄s,J̃s,n(θi′) ≤ p)

)∣∣∣∣∣ = Op(n
−1/2)

by the DKW inequality (see, e.g., p. 268 of Van der Vaart, 2000) applied to supθ∈R |n−1
∑n

i′=1 1(θi′ ≤

θ)−Pr(θi′ ≤ θ)|. Combining this with (B.3) and (B.4), since Op(n
−1/2) = op((log(n))−1/2hs,n),

I have shown that min1≤s≤Sn infm∈Mδn
f̂1(m) ≥ 1

8
an, and this concludes the proof.

Proof of Lemma B.1. If ε > 0 and m are such that [m − ε,m + ε] ⊂ p̄J̃(Θ) then p̄−1

J̃
(m∗) is

defined for every m∗ ∈ [m− ε,m+ ε]. Then

FM̄i
(m) = Pr(M̄i ≤ m) (B.5)

≤ Pr(p̄J̃(θi) ≤ m+ ε) + Pr(|M̄i − p̄J̃(θi)| > ε)

≤ Fp̄J̃ (θi)(m) +
(
Fθi(p̄

−1

J̃
(m+ ε))− Fθi(p̄−1

J̃
(m))

)
+ 2 exp(−2J̃ε2)

= Fp̄J̃ (θi)(m) +
fθi(p̄

−1

J̃
(m∗a))

Dp̄J̃(p̄−1

J̃
(m∗a))

ε+ 2 exp(−2J̃ε2)

for some m∗a ∈ [m,m+ε]. The second inequality follows from Lemma C.1 in Williams (2019a)
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and the final line follows by the mean value theorem under Assumption B.1. Similarly,

FM̄i
(m) ≥ Pr(p̄J̃(θi) ≤ m− ε, |M̄i − p̄J̃(θi)| ≤ ε) (B.6)

≥ Pr(p̄J̃(θi) ≤ m− ε)− Pr(|M̄i − p̄J̃(θi)| ≥ ε)

≥ Fp̄J̃ (θi)(m)−
(
Fθi(p̄

−1

J̃
(m))− Fθi(p̄−1

J̃
(m− ε))

)
− 2 exp(−2J̃ε2)

= Fp̄J̃ (θi)(m)−
fθi(p̄

−1

J̃
(m∗b))

Dp̄J̃(p̄−1

J̃
(m∗b))

ε− 2 exp(−2J̃ε2)

for some m∗b ∈ [m− ε,m]. Together these two results imply the first conclusion of the lemma.

Now consider the sequence J̃n. By definition, if qδn(p̄J̃n(θi)) > q̂2δn(M̄i) then Fp̄J̃n (θi)(q̂2δn(M̄i)) <

δn. Also, Fp̄J̃n (θi)(q̂2δn(M̄i)) =
∫

Θ
1(p̄J̃n(θ) ≤ q̂2δn(M̄i))fθi(θ)dθ ≤

∫
Θ
1(F̂M̄i

(p̄J̃n(θ)) ≤ 2δn)fθi(θ)dθ.

Therefore, if cn = O(log(n)n−1/2) and ||F̂M̄i
− FM̄i

|| = supm |F̂M̄i
(m)− FM̄i

(m)|, then

Pr
(
qδn(p̄J̃n(θi)) > q̂2δn(M̄i)

)
≤ Pr

(
Fp̄J̃n (θi)(q̂2δn(M̄i)) < δn

)
≤ Pr

(∫
Θ

1(F̂M̄i
(p̄J̃n(θ)) ≤ 2δn)fθi(θ)dθ < δn

)
≤ Pr

(∫
Θ

1(F̂M̄i
(p̄J̃n(θ)) ≤ 2δn)fθi(θ)dθ < δn, ||F̂M̄i

− FM̄i
|| ≤ cn

)
+ Pr

(
||F̂M̄i

− FM̄i
|| > cn

)

Since the second term is o(1) (by Donsker’s theorem,
√
n||F̂M̄i

− FM̄i
|| = Op(1)), it will

be sufficient to show that for n sufficiently large
∫

Θ
1(F̂M̄i

(p̄J̃n(θ)) ≤ 2δn)fθi(θ)dθ ≥ δn when

||F̂M̄i
−FM̄i

|| ≤ cn. To this end, following a similar argument to the one used in equation (B.5)

above, for εn > 0,

F̂M̄i
(p̄J̃n(θ)) ≤ FM̄i

(p̄J̃n(θ)) + cn

≤ Fp̄J̃n (θi)(p̄J̃n(θ)) +
(
Fp̄J̃n (θi)(p̄J̃n(θ) + εn)− Fp̄J̃n (θi)(p̄J̃n(θ))

)
+ 2 exp(−2J̃nε

2
n) + cn

≤ Fp̄J̃n (θi)(p̄J̃n(θ)) +
(
Fθi(p̄

−1

J̃n
(p̄J̃n(θ) + εn))− Fθi(p̄−1

J̃n
(p̄J̃n(θ)))

)
+ 2 exp(−2J̃nε

2
n) + cn

(n.b.: If p̄J̃n(θ) + εn > sup p̄J̃n(Θ) then this inequality holds with p̄J̃n(θ) + εn replaced by
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sup p̄J̃n(Θ).) The second term is either bounded by ψ(t0)εn, in the case where ψ is nonde-

creasing on (−∞, t0], or by ψ(θ)εn in the case where ψ is nonincreasing on (−∞, t0].

Take εn = (2r)−1(J̃−1
n log(J̃n))1/2. For the first case, we have shown that F̂M̄i

(p̄J̃n(θ)) ≤

Fp̄J̃n (θi)(p̄J̃n(θ))+o(δn). This implies that for 0 < ε < 1, for n sufficiently large,
∫

Θ
1(F̂M̄i

(p̄J̃n(θ)) ≤

2δn)fθi(θ)dθ ≥
∫

Θ
1(Fp̄J̃n (θi)(p̄J̃n(θ)) ≤ (1 + ε)δn)fθi(θ)dθ = (1 + ε)δn > δn, as desired.

For the second case, for some Bn > 0 and for 0 < ε < 1, for n sufficiently large,

∫
Θ

1(F̂M̄i
(p̄J̃n(θ)) ≤ 2δn)fθi(θ)dθ

≥
∫

Θ

1(Fp̄J̃n (θi)(p̄J̃n(θ)) ≤ (1 + ε)δn −Bnεn)fθi(θ)dθ − Pr(ψ(θi) > Bn)

≥ (1 + ε)δn −Bnεn −
∫

Θ

1(ψ(θ) > Bn)fθi(θ)dθ

≥ (1 + ε)δn −Bnεn −
1

Bp−1
n

∫
Θ

ψ(θ)pDp̄J̃n(θ)dθ

= (1 + ε)δn − o(δn)

where the final line follows by taking Bn = ε
(p−1)/p
n .

This concludes the proof that

Pr(qδn(p̄J̃n(θi)) > q̂2δn(M̄i))→ 0.

The proof that

Pr(q1−δn(p̄J̃n(θi)) < q̂1−2δn(M̄i))→ 0

is nearly identical.
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